Let G be a compact Lie-group, X a compact G-CW-complex. We define equivariant geometric K-homology groups K G * (X), using an obvious equivariant version of the (M, E, f )-picture of Baum-Douglas for K-homology. We define explicit natural transformations to and from equivariant K-homology defined via KK-theory (the "official" equivariant K-homology groups) and show that these are isomorphisms.
This requires considerable effort because of the difficulty to find equivariant vector bundles in this case. Emerson and Meyer give a very general geometric description even of bivariant equivariant K-theory, provided enough such vector bundles exist -compare [10] .
In the present paper, we give a definition of G-equivariant K-homology for the case that G is a compact Lie group, in terms of the "obvious" equivariant version of the (M, E, f )-picture of Baum and Douglas. Our main result is that these groups indeed are canonically isomorphic to the standard analytic equivariant K-homology groups. The main point of the construction is its simplicity, we were therefore not interested in utmost generality.
In the case of a compact Lie group, equivariant vector bundles are easy to come by, and therefore the work is much easier than in the case of a discrete proper action. We will in part follow closely the work of [7] , and actually will omit detailed descriptions of the equivariant generalizations where they are obvious. In other parts, however, we will deviate from the route taken in [7] and indeed give simpler constructions. Much of our theory is an equivariant (and more geometric) version of a general theory of Jakob [13] . These constructions have no generalization to proper actions of discrete groups and were therefore not used in [7] . Moreover, we will use the full force of Kasparov's KK-theory in some of our analytic arguments. The diligent reader is then asked to supply full arguments where necessary.
Equivariant geometric K-homology
Let G be a compact Lie group, (X, Y ) be a compact G-CW -pair with a Ghomotopy retraction (X, Y ) j − → (W, ∂W ) q − → (X, Y ). We require that (W, ∂W ) is a smooth G-spin c manifold with boundary. G-homotopy retraction means that qj is G-homotopy equivalent to the identity (and the homotopy preserves Y ).
Lemma.
Every finite G-CW-pair, more generally every compact G-ENR and in particular every smooth compact G-manifold (absolute or relative to its boundary) has the required property, i.e. is such a homotopy retraction of a manifold with boundary.
Proof. This is trivial for a G-spin c manifold. The following argument is partly somewhat sketchy, we leave it to the reader to add the necessary details.
In general, by [14] , every finite G-CW-complex X has a (closed) G-embedding into a finite dimensional complex linear G-space (using [20] ) with an open Ginvariant neighborhood U with a G-equivariant retraction r : U → X onto X. Even better, every such G-embeddings admits such a neighborhood retraction, using [11] . In other words, a finite G-CW-complex is a G-ANR. By [1] , the converse is true up to G-homotopy equivalence.
A complex G-representation in particular has a G-invariant spin c -structure, and therefore so has U . Choose a G-invariant metric on U , e.g. the metric induced by a G-invariant Hermitean metric on the G-representation. Let f be the distance to X, a G-invariant map on U . Choose r > 0 such that f −1 ([0, r]) is compact. This is possible since X is compact: choose r smaller than the distance from X to the complement of U . Choose a smooth G-invariant approximation g to f , i.e. g has to be sufficiently close to f in the chosen metric. To construct g, we can first choose a non-equivariant approximation and then average it to make it G-invariant. Choose a regular value 0 < r ′ < r such that V := f −1 ((−∞, r ′ ]) is a neighborhood of X and is a compact manifold (necessarily a G-manifold) with boundary. Its double W is a G-manifold with inclusion i : X → W (into one of the two copies) and with retraction W → X obtained as the composition of the "fold map" and the retraction r (restricted to V ).
This covers the absolute case. If (X, Y ) is a G-CW-pair, choose an embedding j of X into some linear Gspace E of real dimension n (with spin c -structure), and a G-invariant distance function. The distance to Y then gives a G-invariant function h : X → [0, ∞) with h(x) = 0 if and only if x ∈ Y . Consider X∪ Y X with the obvious Z/2-action by exchanging the two copies of X, and G-action by using the given action on both halves. Extend h to a G× Z/2-equivariant map to R with Z/2-action given by multiplication with −1 (and with trivial G-action). Let q : X ∪ Y X → X be the folding map. Taking the product of j • q with h : X ∪ Y X → R (with trivial G-action on R), we obtain a G×Z/2-embedding of X × Y X into E × R.
Construct now the G × Z/2-neighborhoood retract U + and the manifold W + for this embedding as above. By construction, there is a well defined Rcoordinate r for all points in these neighborhoods and also in W + (a priori only a continuous function). The subset {r = 0} consisting exactly of the Z/2-fixed points. The Z/2-action on W + is smooth. For each Z/2-fixed point x ∈ U + , (being an open subset of E × R with Z/2-action fixing E and acting as −1 on
-representation (where R denotes the trivial Z/2-representation and R − denotes the non-trivial Z/2-representation). The same is then true for any Z/2-submanifold with boundary of codimension 0, and also for a double of such a manifold, like W + . Because of this special structure of the Z/2-fixed points it follows that W := W + /Z/2 obtains the structure of a G-manifold with boundary, here homeomorphic to the subset {r ≥ 0} (as this is a fundamental domain for the action of Z/2). The boundary of W = W + /Z/2 is exactly the (homeomorphic) image of the fixed point set {r = 0}. The G × Z/2-equivariant retraction of W + onto X∪ Y X descends to a G-equivariant retraction of W onto X = X∪ Y X/Z/2; the Z/2-equivariance of the retraction implies that ∂W , the image of the fixed point set is mapped under this retraction to Y (the image of the Z/2-fixed point set of X ∪ Y X), so we really get a retraction of the pair (W, ∂W ) onto (X, Y ).
Definition.
A cycle for the geometric equivariant K-homology of (X, Y ) is a triple (M, E, f ), where (1) M is a compact smooth G-spin c manifold (possibly with boundary and components of different dimensions)
Here, a G-spin c -manifold is a spin c -manifold with a given spin c -structuregiven as in [7, Section 4] in terms of a complex spinor bundle for T M , now with a G-action lifted to and compatible with all the structure.
We define isomorphism of cycles (M, E, f ) in the obvious way, given by maps which preserve all the structure (in particular also the G-action).
The set of isomorphism classes becomes a monoid under the evident operation of disjoint union of cycles, we write this as +. This addition is obviously commutative.
More details about spin c -structures can be found in [7, Section 4] . All statements there have obvious G-equivariant generalizations.
, where −M denotes the manifold M equipped with the opposite spin c -structure.
A bordism of K-cycles for the pair (X, Y ) consists of the following data:
(i) A smooth, compact G-manifold L, equipped with a G-spin c -structure.
(ii) A smooth, Hermitian G-vector bundle F over L.
(iv) A smooth map G-invariant map f : ∂L → R for which ±1 are regular values, and for which Φ[f
The sets
are manifolds with boundary, and we obtain two K-cycles (M + , F | M+ , Φ| M+ ) and (M − , F | M− , Φ| M− ) for the pair (X, Y ). We say that the first is bordant to the opposite of the second. We follow here [7, Definition 5.5] , and as above the role of f is to be able to talk of bordism of manifolds with boundary without having to introduce manifolds with corners.
2.5 Definition. Let M be a G-spin c -manifold and let W be a G-spin c -vector bundle of even dimension over M . Denote by 1 the trivial, rank-one real vector bundle (with fiberwise trivial G-action). The direct sum W ⊕ 1 is a G-spin cvector bundle, and the total space of this bundle is equipped with a G-spin c structure in the canonical way, as in [7, Definition 5.6] .
Let Z be the unit sphere bundle of the bundle 1 ⊕ W with bundle projection π. Observe that an element of Z has the form (t, w) with w ∈ W , t ∈ [−1, 1] such that t 2 + |w| 2 = 1. The subset {t = 0} is canonically identified with the unit sphere bundle of W , {t ≥ 0} is called the "northern hemisphere", {t ≤ 0} the "southern hemisphere". The map s : M → Z; m → (1, z(m)) is called the north pole section, where z : M → W is the zero section. Since Z is contained in the boundary of the disk bundle, we may equip it with a natural G-spin cstructure by first restricting the given G-spin c -structure on the total space of 1 ⊕ W to the disk bundle, and then taking the boundary of this spin c -structure to obtain a spin c -structure on the sphere bundle. We construct a bundle F over Z via clutching: if S W is the spinor bundle of W (a bundle over M ), then F is obtained from π * S 2.6 Definition. We define an equivalence relation on the set of isomorphism classes of cycles of Definition 2.2 as follows. It is generated by the following three elementary steps:
(2) bordism. If there is a bordism of K-cycles (L, F, Φ) as in Definition 2.4 with boundary the two parts ( Disjoint union of K-cycles provides a structure of Z/2Z-graded abelian group, graded by the parity of the dimension of the underlying manifold of a cycle.
In the opposite direction, we can assign to each triple
Proof. We have to check that this construction is well defined, i.e. we have to check that [E ⊕ H] − [F ⊕ H] gives the same geometric K-homology class, but this follows from the relation "direct sum-disjoint union".
2.9 Remark. Lemma 2.8 allows to use a geometric picture of equivariant Khomology (for a compact Lie group G) where the bundle E is replaced by a K-theory class x; and all other definitions are translated accordingly.
2.10 Definition. K G,geom * is a Z/2-graded functor from pairs of G-spaces to abelian groups. Given g : (X, Y ) → (X ′ , Y ′ ), we define the transformation
An inspection of our equivalence relation shows that this is well defined, and it is obviously functorial. Moreover, we define a boundary homomorphism
Again, we observe directly from the definitions that this is compatible with the equivalence relation, natural with respect to maps of G-pairs and a group homomorphism.
Our main Theorem 3.1 shows that we have (for the subcategory of compact G-pairs which are retracts of G-spin c manifolds) explicit natural isomorphisms to K G,an * . In particular, we observe that on this category K G,geom * with the above structure is a G-equivariant homology theory.
Equivariant analytic K-homology
For G a compact group and (X, Y ) a compact G-CW -pair, analytic equivariant K-homology and analytic equivariant K-theory are defined in terms of bivariant KK-theory:
is naturally isomorphic to the Grothendieck group of G-vector bundle pairs over X with a isomorphism over Y . Moreover, most constructions in equivariant K-homology and K-theory can be described in terms of the Kasparov product in KK-theory.
Analytic Poincaré duality
The key idea we employ to describe the relation between geometric and analytic K-homology is Poincaré duality in the setting of equivariant KK-theory developed by Kasparov [17] . An orientation for equivariant K-theory is given by a G-spin c -structure. This Poincaré duality was in fact originally stated by Kasparov for general oriented manifolds by using the Clifford algebra C τ (M ). But for a manifold M with a G-spin c -structure, the Clifford algebra C τ (M ) used in [17] is G-Morita equivalent to C 0 (M ), the Morita equivalence being implemented by the sections of the spinor bundle. We refer to [17] (see also [21] ) for the definition of the representable equivariant K-theory group RK * G (X) of a locally compact G-space X. We only recall here that the cycles are given by the cycles (E, φ, T ) for Kasparov's bivariant K-theory group KK G * (C 0 (X), C 0 (X)) such that the representation φ of C 0 (X) on E is the one of the C 0 (X)-Hilbert structure. By forgetting this extra requirement, we get an obvious homomor-
Hence it makes sense to take the Kasparov product with elements in K * G (C 0 (X)) = KK G * (C 0 (X), C) and this gives rise to a product
. This is the obvious equivariant generalization of [7, Theorem 3.5] , compare also the discussion of [12, Chapters 10, 11] 3.1 Theorem. Given any G-spin c -manifold M , the Kasparov product with the class [M ] gives an isomorphism
Remark.
(1) For a compact space, the equivariant K-theory and the equivariant representable K-theory coincide. In particular, for a compact G-spin c -manifold M , the Poincaré duality can be stated as an isomorphism
and moreover, for any complex
(2) Recall that representable equivariant K-theory is a functor which is invariant with respect to G-homotopies. In particular, if M is a compact G-spin c -manifold with boundary ∂M , then M is G-homotopy equivalent to its interior M \ ∂M and thus we get a natural identification
In view of this, the Poincaré duality for the pair (M, ∂M ) can be stated in the following way
For a compact G-space X and a closed G-invariant subset Y of X, let us denote by ι X,Y , the composition
where the first map is induced by the inclusion X \ Y ֒→ X. Then, with these notations and under the identification K *
3.3 Definition. We are now in the situation to define the natural isomorphisms
To define α, let (M, E, f ) be a cycle for geometric K-homology, with E a complex G-vector bundle on M . Then we set
(such a manifold exists by assumption, if the parity is not correct just take the product with S 1 with trivial G-action). Then set
3.4 Lemma. The transformation α is compatible with the relation "direct sum-disjoint union" of the definition of K G,geom * (X, Y ). Under the assumption that α is well defined, it is a homomorphism.
Proof.
This implies both assertions, as PD and f * are both homomorphisms.
To prove that both maps are well defined and indeed inverse to each other we need a few more properties of Poincaré duality which we collect in the sequel. These statements are certainly well known, for the convenience of the reader we give proofs of most of them in an appendix.
We first relate Poincaré duality to the Gysin homomorphism, and also describe vector bundle modification in terms of the Gysin homomorphism.
Let f : M → N be a smooth G-map between two compact G-spin c -manifolds without boundary. We use, as a special case of [18, Section 4.3] (see also [22 
We will also need the corresponding construction for manifolds with boundary. We recall all this in the appendix.
3.5
Lemma. An equivalent description of vector bundle modification, using Remark 2.9, is given as follows:
, and let W be a G-spin c -vector bundle over M of even rank. Let π : Z → M be the underlying G-manifold of the modification with respect to W . Recall from definition 2.5 that s : M → Z is the north pole section and that the bundle F is obtained via clutching. Then the vector bundle modification (Z, π * (x)⊗[F ], φ•π) of (M, x, φ) along W is bordant to the cycle (Z, s!(x), φ • π) (where we interprete s!(x) as an element of K 0 G (Z) using formal Clifford periodicity). Proof. The G-vector bundle F ∞ from Proposition A.10, the topological description of the Thom isomorphism, is pulled back from M , hence π * (x) ⊗ [F ∞ ] extends to the disk bundle of W ⊕ 1 and we conclude that the first cycle is bordant to (Z, π
We will now show that its K-theory class π
where θ M is the inclusion C 0 (W ) ⊆ C(Z) of C * -algebras and b W is the "Bott element" (compare Remark B.7). Indeed, using the KK-picture of the tensor product of vector bundles and commutativity of the exterior Kasparov product we find that, as element of KK G (C, C(Z)), the tensor product of vector bundles
where µ :
The claim now follows from comparing the righthand Kasparov product (which can be computed explicitely) with
(which is straightforward using the topological description in Proposition A.10 and the fact that off the tubular neighborhood W , the two bundles are isomorphic).
From now on, we will use the following notation: if f : M → N is a G-map between G-spin c -manifolds and E is a complex vector bundle over M , then f !E will stand for the element f ![E] of K * +n−M G (N ). It is well known that the Gysin map and functoriality in K-homology are intertwined by Poincaré duality. This is the key for proving that α is compatible with vector bundle modification, using the description of the latter given in Lemma 3.5. We will prove the next assertion in B.2.
3.6 Lemma. Let f : M → N be a G-map between G-spin c manifolds with m = dim M and n = dim N , possibly with boundary. Assume that f (∂M ) ⊂ ∂N . Then we have the following commutative diagram
3.7 Lemma. The transformation α of Definition 3.3 is compatible with vector bundle modification.
Proof. The assertion is a direct consequence of Lemma 3.5 and Lemma 3.6. Explicitly, if (M, E, f ) is a cycle for KK G,geom * (X, Y ) and (Z, s!(E), f • π) the result of vector bundle modification according to Lemma 3.5, then
We now recall that, in the usual long exact sequences in K-homology, the boundary of the fundamental class is the fundamental class, or, formulated more casually: the boundary of the Dirac element is the Dirac element of the boundary. To deal with bordisms of manifolds with boundary, we actually need a slightly more general version as follows, which we prove in Appendix B.4.
be the boundary element associated to the exact sequence
3.9 Corollary. With notation of Lemma 3.8, the following diagram commutes
where the top arrow is induced by the inclusion i : M ֒→ L.
where the second equality is a well known consequence of the naturality of boundaries and is proved in Lemma B.8 and where the third equality holds by Lemma 3.8. 
But this a consequence of Corollary 3.9, together with naturality of boundaries in the following commutative diagram with exact rows
where the middle and right vertical arrows are induced by Φ.
We are now in the situation to state and prove our main theorem.
3.11 Theorem. The transformations α and β of Definition 3.3 are well defined and inverse to each other natural transformations for G-homology theories.
Proof. Lemmas 3.4, 3.7, and 3.8 together imply that α is a well defined homomorphism. If we fix, for given (X, Y ) the manifold (M, ∂M ) which retracts to (X, Y ) (or rather two such manifods, one for each parity of dimensions), then β also is well defined. As soon as we show that β is inverse to α we can conclude that it does not depend on the choice of (M, ∂M ).
It is a direct consequence of the construction (and of naturality of K-homology) that α is natural with respect to maps g :
Corollary 3.9 implies that α is compatible with the boundary maps of the long exact sequence of a pair, and therefore a natural transformation of homology theories (strictly speaking, we really know that K G,an * is a homology theory only after we know that α is an isomorphism).
We now prove that
The proof of β • α = id is given in the next section.
Normalization of geometric cycles
The goal of this section is to prove that β •α :
is the identity for a compact G-pair (X, Y ) and for any choice of retraction of (X, Y ) (which a priori enters the definition of β).
We prove first the result for a pair (X, Y ) = (N, ∂N ), where N is a compact G-spin c -manifold with boundary ∂N . We start with the construction of β given by the choice of the particular retraction id N : N → N . We will show that with this choice βα = id. This implies of course that α is invertible. This in turn means that any left inverse is equal to this inverse. As we already know that the a priori different versions of β, depending a priori on different retractions of (N, ∂N ), are all left inverses of α, they are all equal, and equal to α "along" C ⊕ ν (with its canonical spin c -structure) and of (N, h!E, f ) "along" C × N are bordant. In particular,
Proof. In the situation at hand, we just can write down the bordism between the two cycles. Recall the construction of vector bundle modification (of N along C × N ): we consider C × R × N , equip this with the standard Riemannian metric, and consider the unit disc bundle D 3 × N with its sphere bundle S 2 × N within this bundle. It comes with a canonical "north-pole inclusion" i : N → S 2 × N , and the modificaton is (S 2 × N, i!h!E, f • pr N ). Observe that, if N has a boundary, so has S 2 × N , and D 3 × N is a manifold with corners. Fix ǫ > 0 small enough and an embedding of ν into N as tubular neighborhood of M . Fix a G-invariant Riemannian metric on ν. Then the ǫ-disk bundle and the ǫ-sphere bundle of C ⊕ R ⊕ ν are contained in D 3 × N , and if we remove the ǫ-disk bundle we get a manifold W with two parts of its boundary being We actually get cartesian diagrams
) is a bordism (in the sense of Definition 2.4) between the two cycles we consider.
Obviously, the boundary has the right shape, and f • pr N •υ −1 : W ′ → X restricts on S 2 × N to the correct map. The restriction to S is homotopic to the map of the vector bundle modification of (M, f • h, E) -it is not equal, because one has to take the projection of the normal bundle of M in N onto M into account. An easy modification of f • pr N will produce a true bordism. Moreover, υ(Φ −1 (−1, 1)) ⊂ D 3 × ∂N is mapped to Y (and we can choose our modified f • pr N such that this property is preserved).
The claim is proved.
We now finish the proof that
For this, choose a finite dimensional G-representation V and a G-embedding j V : M → V (this is possible because G is a compact Lie group and M is compact, compare e.g. [20] ). Observe that j V is G-homotopic to the constant map with value 0. Embed V into its one-point compactification V + , a sphere (it can also be realized as the unit sphere in V ⊕ R). By composition we obtain a G-embedding j : M → V + which is still homotopic to the constant map c : M → V + with value 0. We obtain an embedding M (f,j)
On the other hand, (f, j) : M → N ×V + is G-homotopic to (f, c) : M → N ×V + . Lemma 3.6 shows that (f, j)!E depends only on the homotopy class of the map. 
By functoriality, j * is injective (indeed a split injection). Moreover, we just showed that β N α N = id. According to the discution above, the definition of β N for N does not depend on the chosen retraction and we choose N as a retraction of itself. In this case, since α is an isomorphism, the left square commutes and therefore βα = id also for X, using the equality
Therefore β is inverse to α in general, proving our main theorem.
A Bott periodicity and Thom isomorphism in equivariant KK-theory
Bott periodicity and the Thom isomorphism are classical results of K-theory. It is well-known that these isomorphisms can be implemented by Kasparov multiplication with certain KK-equivalences called the Bott element and Thom element, repectively. Although one finds many constructions of these elements in the literature, they are often done in a different context. As their relationship is crucial to a proper understanding of vector bundle modification we will sketch the relevant results in this appendix. Following the usual conventions of analytic K-homology [12, 15] and the previous articles [6, 7] , Cℓ n = Cℓ 0,n is the Clifford algebra of C n that is defined so that e i e j + e j e i = −2δ i,j for the standard basis (e i ). We will also need the (isomorphic) Clifford algebra Cℓ −n = Cℓ n,0 with respect to the negated quadratic form which is commonly used in KK-theory [16] . The subgroups Pin c n and Spin c n are then defined as usual; again for each n ∈ Z, the ones for n are isomorphic to the ones for −n . With these definitions we have KK n (A, B) = KK(A, B⊗Cℓ n ) for all n ∈ Z.
A.1 Equivariant spin
c -structure of the spheres A careful analysis of the canonical spin c -structure on S n is key to the results of this appendix. is also Spin c n+1 -equivariant (it is trivial and the group acts by rotation on the base and by left multiplication on the fiber). As the boundary S n = ∂D n+1 is invariant under this action, the equivariant version of the usual boundary construction induces a natural Spin c n+1 -equivariant spin c -structure on S n . In the following we will use the "outer normal vector first" boundary orientation convention as in [19, p. 90] 
where the left and right actions are given by multiplication. 
Let us restrict the left action to Spin
Hence the even part of the associated spinor bundle on S n is given by the analogue clutching construction applied to the bundles
In particular if W is the standard graded irreducible representation of Cℓ 2k this gives a description of the even part S / + S 2k of the reduced spinor bundle of an evendimensional sphere S 2k . We will later be interested in its dual or, equivalently, its conjugate. It is given by the same clutching construction applied to the conjugate Cℓ 2k -module W , and from the action of the complex volume element we see that it is isomorphic to W precisely if k is even.
Let us now turn to computing equivariant indices for even-dimensional spheres. It is clear that the index of its equivariant Cℓ 2k -linear Dirac operator
vanishes as we have factored over R 2k+1 (Spin c 2k+1 ) = 0 (using naturality of the boundary map). Recall that, for a compact Lie group G, R(G) is the complex representation ring, which is canonically isomorphic to K 0 G ( * ), and R n (G) := K n G ( * ). This argument in fact only depends on the Dirac bundle over the sphere being induced by the boundary construction from a Dirac bundle over the ball. We conclude that the index still vanishes if we consider instead the reduced spinor bundle S / S 2k twisted with the pullback E of a representation in R(Spin c 2k+1 ) (which of course extends over the ball).
On the other hand, recall that for every closed even-dimensional spin cmanifold M , Clifford multiplication induces isomorphisms of Dirac bundles Cliff
If we identify Cliff C (M ) with the complexified exterior bundle then an associated Dirac operator is given by the de Rham operator (cf. [12, 11.1.3] ). There is a canonical involution on Cliff C (M ) induced by right Clifford multiplication with i k E 1 · · · E 2k where (E i ) is any oriented local orthonormal frame; let us designate its positive eigenbundle by Cliff 
In particular, the above construction applies to the even-dimensional sphere M = S 2k and works equivariantly if we equip the exterior bundle with the action induced by ρ. Since the de Rham operator is rotation-invariant we can still use it as our Dirac operator. Its kernel consists precisely of the harmonic forms, hence in view of the cohomology of S 2k it is spanned by a 0-form and a 2k-form (which are rotation-invariant and interchanged by the involution). It follows that after restricting to the positive eigenbundle the kernel is just the one-dimensional trivially-graded trivial representation. In other words,
Expressing twisted indices as Kasparov products (cf. [8, 24.5 .3]) we have
for every pullback E of a representation in R(Spin c 2k+1 ).
A.2 Topological Bott periodicity
We will now construct equivariant Bott elements
where G is a compact group acting spinorly on R 2k (i.e. the action factors over a continuous homomorphism G → Spin c 2k ). Let us identify R 2k G-spin c -structurepreservingly with an open subset of its one-point compactification S 2k via stereographic projection from the south pole. If we now use the split short exact sequence
to pull the south pole fiber of 
The following version of Atiyah's rotation trick [2] now allows us to establish that b 2k is in fact a KK-equivalence:
Then they are already KK-equivalences inverse to each other.
Proof. Let, in the following, ⊗ denote the external Kasparov product, and ⊗ A the composition Kasparov product. Recall first that for G-C * -algebras A, A ′ , B, B ′ and z ∈ KK G (A, A ′ ), z ′ ∈ KK(B, B ′ ) we have the following commutativity of the exterior Kasparov product:
As the rotation (x, y) → (y, −x) is G-equivariantly homotopic to the identity we get (the third identity in)
where Θ is the KK-involution corresponding to x → −x.
It follows that b also has a left KK-inverse (and, in fact, Θ = 1).
A.6 Corollary (Topological Bott periodicity). Let G be a compact group acting spinorly on R 2k . Then the associated Bott element
are KK-equivalences inverse to each other.
A.3 Analytical Bott periodicity
We will now derive an analytic cycle for the Bott element. Clearly, the difference bundle
Consider the description of F 0 from the discussion after Lemma A.2. Evidently, F ∞ 0 can be described by a similar clutching construction given by using the southern hemisphere representation over both hemispheres and glueing using the identity. We can thus define an operator T ′ acting on even (odd) sections by pointwise Clifford multiplication with plus (minus) the first n coordinates of the respective base point on the upper hemisphere and by the identity on the lower hemisphere, and the linear path gives a homotopy to the cycle
Now we can restrict to the open upper hemisphere via the homotopy given by the Hilbert
Note that all conditions on a Kasparov triple are satisfied because T ′ is an isomorphism onS 2k − . Identifying R 2k with the open upper hemisphere via x → (x, 1)/ 1 + ||x|| 2 (which is equivariantly homotopic to our previous identification) we conclude that the Bott element is given by the cycle
with the obvious Hilbert C 0 (R 2k )-module structure and where T acts by Clifford multiplication with ±x/ 1 + ||x|| 2 on the conjugate W of the standard graded irreducible representation of Cℓ 2k .
Chasing the relevant definitions in [16, Sections 2 and 5] one finds that the formal periodicity isomorphism KK 
where T 2k acts by Clifford multiplication with x/ 1 + ||x|| 2 . This is the classical cycle of the Bott element due to Kasparov [16, Paragraph 5] . As the image of [S / R 2k ] under formal periodicity of K-homology is of course the fundamental class of R 2k we have proved the following result for n = 2k.
A.8 Proposition (Analytical Bott periodicity). Let G be a compact group acting spinorly on R n . Then the Bott element
(where T n is the Clifford multiplication operator defined as above) and the fundamental class [R n ] ∈ K G n (R n ) are KK-equivalences inverse to each other.
A purely analytic argument can be used to show that it holds in arbitrary dimensions (see e.g. [16, 5.7] ). Note that we have β n = (β 1 ) n (for appropriate group actions); this follows readily from the product formula for fundamental classes.
A.4 Thom isomorphism
Let G be a compact topological group and π W : W → X be a G-spin c -vector bundle of dimension n over a compact G-space X with principal Spin 
) Naturality of these operations shows that β W is a KK-equivalence; its inverse is given by the image of the fundamental class of R n under the analogous composition. Chasing definitions, we find that
where T ′ n is the equivariant operator acting by Clifford multiplication with the second coordinate. Denoting the Connes-Skandalis spinor bundle P × Spin c n Cℓ −n of W by S CS W (cf. [9] ) we get the following result:
A.9 Proposition (Analytical Thom isomorphism). Let G be a compact group and π W : W → X a G-spin c -vector bundle over a compact space X. Then the Thom element
(where T W is the operator of pointwise Clifford multiplication with the base point in W ) is a KK-equivalence.
Let us now consider the even case n = 2k. Then we can perform the same construction with the reduced Bott element b 2k and the resulting Thom element b W is just the image of β W under Clifford periodicity. Clearly, b W is given by the obvious cycle using the reduced spinor bundle S / CS W . If on the other hand we start with the topological description (A.7) of the Bott element, we find that
where
F 0 is interpreted as a vector bundle over the sphere bundle Z ∼ = P × Spin c 2k S 2k . We have seen before that F 0 can be described using an equivariant clutching construction. Consequently, the associated bundle F also arises from a clutching construction and it is easy to see that it is precisely the one used for vector bundle modification:
A.10 Proposition (Topological Thom isomorphism). The reduced Thom element has the representation
where F is the bundle over the sphere bundle Z from Definition 2.5 and where F ∞ is the pullback of the north pole restriction of F back to Z.
B Analytic Poincaré duality and Gysin maps B.1 Construction of the Gysin element for closed manifolds
Let f : M → N be a smooth G-map between two compact G-spin c -manifolds without boundary. We describe the construction of the (functorial) Gysin el-
By functoriality and since every smooth G-map f : M → N between compact G-spin c -manifolds can be written as the composition of the embedding M → M × N, m → (x, f (x)) with the canonical projection π 2 : M × N → N it suffices to describe the Gysin element associated to an equivariant embedding and to π 2 .
The Gysin element of the projection π 2 is just the element (π 2 )! = τ C(N ) 
B.2 Gysin and Poincaré duality
Proof of Lemma 3.6, case ∂M = ∅ = ∂N . Let us denote by [f ] the element of KK
Then the commutativity of the diagram ammouts to prove that
for all x in K * G (M ). Namely, using this equality, we have
Since [N ] is the Gysin element corresponding to the map N → { * }, we get that
Let us now prove Equation B.1. Since f can be written as the composition of an embedding and of the projection π 2 : M × N → N , it is enough by using the functoriality in K-homology and the composition rule for Gysin elements to check this for an embedding and for π 2 . We start with π 2 . N ) is the multiplication. Then, using also (A.5),
Recall that, if x is an element in K * G (M ), then ι M (x) is the element of KK 
θ M : C 0 (W ) → C(Z) is the morphism induced by the inclusion of W into Z. The Gysin homomorphism can then be defined correspondingly.
With arguments similar to those of Section B.2 we can show that with this definition Lemma 3.6 holds, so that our Definition B.6 is consistent with the geometric one. The proof would also use Lemma B.2, that PD M is a direct summand of PD DM .
B.8 Lemma. If i : M ֒→ L is as in Lemma 3.8, then
is the boundary element of the exact sequence
Proof. We first recall a KK-description of ι L,∂L . It is given by the composition
where µ is the multiplication homomorphism. By graded commutativity of the exterior Kasparov product, we therefore get that ∂ ⊗ ι L,∂L equals the composition KK({ * }, L)
Now observe that we have commutative diagrams of short exact sequences
Using naturality of the boundary map, we observe that the composition of the last two arrows of (B.9) coincides with the composition
As i * commutes with the exterior product with C 0 (M • ), this implies the assertion.
B.4 Proof of Lemma 3.8
We finish by proving Lemma 3.8. Recall that it states B.10 Lemma. Let L be a G-spin c manifold with boundary ∂L, let M be a Ginvariant submanifold of ∂L with boundary ∂M such that dim M = dim L − 1 and let ∂ ∈ KK G 1 (C 0 (M \ ∂M ), C 0 (L \ ∂L)) be the boundary element associated to the exact sequence
